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Abstract
Using the renormalization group (RG) approach and the equiva-
lency between the class of gauge-Higgs-Yukawa models and the gauged
Nambu-Jona-Lasinio (NJL) model, we study the gauged NJL model in
curved space-time. The behaviour of the scalar-gravitational coupling
constant ξ(t) in both theories is discussed. The RG improved effective
potential of gauged NJL model in curved spacetime is found. The
curvature at which chiral symmetry in the gauged NJL model is bro-
ken is obtained explicitly in a remarkably simple form. The powerful
RG improved effective potential formalizm leads to the same results
as ladder Schwinger-Dyson equations which have not been formulated
yet in curved spacetime what opens new possibilities in the study of
GUTs and NJL-like models in curved spacetime.
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1 Introduction
It is quite well known that dynamical symmetry breaking in the Standard
Model (SM) may be realised via Nambu–Jona-Lasinio (NJL) mechanism [1],
for example, with the help of quark condensate (see [2], [2a], [3] and references
therein.) In such an approach – having in mind that in studying composite
bound states the NJL model can be treated analytically – it is not by no
means necessary to introduce elementary Higgs fields to discuss dynamical
symmetry breaking.
A convenient way to study chiral symmetry breaking in the gauged NJL
model is via Schwinger–Dyson (SD) equations, or equivalently, using the ef-
fective action for the composite fields [4],[5]. Very often it is necessary to
study chiral symmetry breaking under some external conditions, like non–
zero temperature, external electromagnetic or gravitational field. For exam-
ple, the influence of the gravitational field on the chiral symmetry breaking
may be important in the study of problems related to the early universe or
to the physics of black holes.
In the past the study of the non-gauged NJL model in curved space-
time (in linear curvature approximation for which curvature effects actually
may be relevant in GUT’s and in SM) has shown quite rich phase structure
and the possibility of curvature–induced transitions [6] between chiral sym-
metric and non–symmetric phases. Such a study has been done using the
effective potential in the leading order of 1/N -expansion. Now, it is quite
interesting to discuss similar questions for the more realistic gauged NJL
model. This model recently has been studied in full detail using the ladder
SD equations (see [7] where also renormalizability of gauged NJL model has
been discussed). Unfortunately – due to the absence of the momentum rep-
resentation in general curved spacetime – all attempts to generalize the SD
equations to curved spacetime were not quite successful [8].
In the paper [3] (see also [9]) the NJL model has been discussed using
the standard RG equations for coupling constants with appropriate compos-
iteness conditions. This idea has been further elaborated in Ref. [10] for the
gauged NJL model in flat spacetime. In particular, it has been shown that
some class of gauge Higgs–Yukawa models in leading order of a modified
1/Nc expansion leads to a well–defined, non–trivial theory. This theory is
equivalent to the gauged NJL model when the ultraviolett cutoff goes to
infinity (using corresponding compositeness conditions).
2
In the present work we extend recent results of Harada, Kikukawa, Kugo
and Nakano [10] on the study of the gauged NJL model to curved spacetime.
In this way the RG-improved effective potential for the gauged NJL model in
curved spacetime is found and its phase structure is discussed. The influence
of the curvature to chiral symmetry breaking is described. Note that such an
approach is proved to be equivalent to the ladder Schwinger- Dyson equations
(at least in flat space) what maybe useful for generalization of Schwinger-
Dyson equations to curved spacetime.
The paper is organized as follows: In Section 2 a brief review of the
model and the approximation used in Ref. [10] is given. In Section 3 the
gauge Higgs–Yukawa model is discussed in curved spacetime. In particular,
the RG equation for scalar–gravitational coupling constant ξ(t) and the one–
loop effective potential are found. In Section 4, using the running couplings
of the two previous sections and the approach of [3],[10] the RG-improved
effective potential in gauged NJL model in curved spacetime is found (in
linear curvature approximation). In the case of fixed gauge coupling the
conditions for chiral symmetry breaking with account of the curvature are
derived explicitly. Some remarks concerning the extension of our results are
given in the Conclusion.
2 Review of the class of gauge Higgs-Yukawa models
In this section we review the class of gauge Higgs-Yukawa models in flat
spacetime we are going to extend and the approximations we are using in
such an analysis. Thereby we closely follow Ref. [10] where, using the RG
approach, this model has been considered in detail.
The Lagrangian of the model in flat spacetime is given by (we use the
notations of [10])
Lm = −
1
4
GaµνG
aµν +
1
2
(∂µσ)
2 −
1
2
m2σ2 −
λ
4
σ4
+
Nf∑
i=1
ψ¯i iDˆ ψi −
nf∑
i=1
yσψ¯iψi . (1)
Here the gauge group SU(Nc) is chosen, with Nf fermions ψi(i = 1, 2, ..., Nf)
belonging to the representation R of SU(Nc), σ is the scalar field.
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Let us now describe the 1/N approximation for the perturbative study of
this theory at high energies through the RG equations:
a) The gauge coupling constant is assumed to be small:
g2Nc
4pi
<< 1 , (2)
and the RG equations are considered only in the first nontrivial order on g2.
b) The number of fermions should be large enough:
Nf ∼ Nc . (3)
On the same time it is supposed that only nf fermions (nf ≪ Nf ) have large
Yukawa couplings, whereas the remaining fermions have vanishing Yukawa
couplings.
c) The approach is assumed to be perturbative also in 1/Nc, so only the
leading order of the 1/Nc expansion survives; this means that scalar loop
contributions should be negligible
|
λ
y2
| ≤ Nc . (4)
It is interesting to note that for the minimal SM we have Nc = Nf/2 = 3
and nf = 1.
Within the above approximation the RG equations for the coupling con-
stants in (1) are [11], [12]:
dg(t)
dt
= −
b
(4pi)2
g3(t) ,
dy(t)
dt
=
y(t)
(4pi)2
[a y2(t)− c g2(t)] ,
dλ(t)
dt
=
u y2(t)
(4pi)2
[λ(t)− y2(t)] . (5)
where b = (11Nc−4T (R)Nf )/3, c = 6 C2(R), a = u/4 = 2 nfNc. For the fun-
damental representation we have T (R) = 1/2, C2(R) = (N
2
c − 1)/(2Nc).t =
ln(µ/µ0) and µ0 is the reference scale to discuss low energy physics.
The RG equation for g2 (respectively α = g2/4pi) is solved by
4
η(t) ≡
g2(t)
g20
≡
α(t)
α0
= (1 +
b α0
2pi
t)−1 . (6)
To solve the RG equations for the Yukawa and the scalar couplings it is
convenient to introduce the following RG invariants:
h(t) ≡ −η−1+c/b(t)
[
1−
c− b
a
g2(t)
y2(t)
]
,
k(t) ≡ −η−1+2c/b(t)
[
1−
2c− b
2a
λ(t)
y2(t)
g2(t)
y2(t)
]
. (7)
With their help we obtain
y2(t) =
c− b
a
g2(t)
[
1 + h0η
1−c/b(t)
]
−1
,
λ(t) =
2a
2c− b
y4(t)
g2(t)
[
1 + k0η
1−2c/b(t)
]
. (8)
Of course, these solutions are explicitly known only when the values of the
RG invariants h and k are given.
As it has been shown in detail in Ref. [10] for the solutions (6) – (8) to
be consistent with the above approximation (2) – (4), and in order for the
theory to be non–trivial one , we should have (see also related discussion in
[7])
c > b and 0 ≤ h0 <∞ ; (9)
that makes the Yukawa coupling to be asymptotically free and the theory to
be non–trivial (see also Ref. [13]). Further analysis shows that the scalar
coupling constant is nontrivial in the above approximation only if
k0 = 0 . (10)
Below we will discuss the solutions (8) with conditions (9) and (10) only.
The case k0 = h0 = 0, c > b actually corresponds to the fixed point of Ref.
[14]. Obviously, in this case a reduction of couplings takes place [15], [16].
However, one can get also another fixed point [17] in gauged NJL model (see
the discussion in [3]).
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3 Gauge Higgs-Yukawa model in curved spacetime
Let us extend now the model of the previous section to curved spacetime. It
is by now well–known (see Ref. [18] for an introduction) that in order to be
multiplicatively renormalizable in curved spacetime, the Lagrangian of the
theory should be:
L = Lm + Lext −
1
2
ξRσ2 , (11)
where Lm is given by (1) with a change of flat (partial) derivatives to the
corresponding covariant derivatives: ∂µ → ∇µ, ξ is the non–minimal scalar–
gravitational coupling constant, and
Lext = a1R
2 + a2C
2
µναβ + a3G+ a4✷R + Λ−
1
κ
R . (12)
The Lagrangian Lext of the external gravitational field is necessarily intro-
duced in order to have the theory to be multiplicatively renormalizable one;
a1, ...a4, κ are gravitational coupling constants.
Since the RG equations for those coupling constants which are present
in flat space do not change in curved spacetime [18], all the discussions of
Section 2 (as well as the approximations introduced there) are also valid here.
In addition, the effective coupling constants corresponding to ξ, a1, ..., a4, G
appear. However, for our purposes, we only need the RG equation for the
coupling constant ξ.
The technique to calculate the one–loop β-function of ξ is quite well–
known [18]; therefore, we will give only the final answer (within the above
described approximations):
dξ(t)
dt
=
1
(4pi)2
2ay2(t)
(
ξ(t)−
1
6
)
. (13)
Taking into account that
d
dt
f(t) ≡
d
dt
{
ηc/b(t)
(ξ(t)− 1
6
)
y2(t)
}
= 0 (14)
we may use this RG invariant f(t) to find the solution of (13):
ξ(t) =
1
6
+ y2(t)η−c/b(t) f0 , (15)
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where f0 6= 0 is the value of the RG invariant. Note that in the UV–limit
(t→∞) we have:
y2(t) ∼
c− b
a
g20
h0
ηc/b(t)→ +0 (h0 ≥ 0)
ξ(t) ≃
1
6
+
c− b
a
g20
f0
h0
. (16)
For f0 ≈ 0 the scalar-gravitational coupling constant ξ(t) → 1/6, i.e.
asymptotic conformal invariance is realized [19]. Hence, the RG invariant f0
characterizes the deviation from conformal invariance (ξ = 1/6). Different
types of UV–behaviour of ξ(t) for different GUT’s have been listed in [18];
the most typical ones are:
a) ξ(t)→
1
6
[18], [19],
b) |ξ(t)| → ∞ [18], [19],
c) ξ(t)→ ξ [18]. (17)
As we can see, unlike the analysis in the case of flat spacetime, there will not
appear any restrictions to the sign and the value of f0 from the study of the
UV–asymptotics of ξ(t).
Let us discuss now the one-loop effective potential for the theory (1) in the
approach where we keep only terms with the accuracy up to linear curvature
[20], i.e. σ2 ≫ |R|. Using the technique of Ref. [20] and working in leading
order of the approximation (2) – (4), after some calculations one gets:
V =
1
2
m2σ2 +
λ
4
σ4 +
1
2
ξRσ2 −
aµ4F
2(4pi)2
[
ln
µ2F
µ2
−
3
2
]
−
aRµ2F
12(4pi)2
[
ln
µ2F
µ2
− 1
]
, (18)
where µF ≡ yσ.
Using such a form for the potential V one may investigate the curvature-
induced phase transitions which have been discussed in detail in Refs. [18],[20]
for different GUT’s.
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4 Gauged Nambu-Jona Lasinio model in curved space-
time
We now discuss the gauged NJL model in curved spacetime. This model is
quite popular due to different reasons, for example, the dynamical symmetry
breaking in NJL models may also be relevant for the electroweak interaction
with the top quark condensate as an order parameter (see [2], [3]), NJL–like
theories maybe used for equivalent descriptions of the Standard Model [3],
[21]. Moreover, the renormalizability of gauged NJL model may be proven in
some sense [10] (for earlier discussions on renormalizability of the NJL model
see [22]).
Under the assumption that not elementary ones but composite bound
states are mainly relevant in quantum cosmology (for a recent discussion see
[23]), there was an attempt to study non-gauged NJL model in curved space-
time [9],[6] and, in particular, to consider the chiral symmetry breaking under
the influence of the external gravitational field [6]. Such an investigation has
been done via explicit calculation of the effective potential for the composite
field < ψ¯ψ >. Our purpose here will be to discuss the same question on RG
language for the gauged NJL model using its equivalency with the gauged
Higgs–Yukawa model (1) (the explicit loop calculations in such a model are
extremely hard to do).
We start from the gauged NJL model with four–fermion coupling constant
G in curved spacetime
L = −
1
4
G2µν +
Nf∑
i=1
ψ¯iDˆψi +G
nf∑
i=1
(ψ¯iψi)
2 . (19)
As usually one introduces an auxiliary field σ to replace the NJL model by
the equivalent Higgs–Yukawa model. As is shown in Ref. [3], it is possible
within the RG approach to use a set of boundary conditions for the effective
couplings of the gauge Higgs-Yukawa model at tΛ = ln(Λ/µ0) (where Λ is
the UV–cutoff of the gauged NJL model) in order to identify the gauged
NJL model with the gauge Higgs–Yukawa model. Taking into account Eqs.
(8) the explicit expressions for these compositeness conditions (which are
specified in [3]) are given as (see also Eqs. (4.7) and (4.8) of [10]):
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y2(t) =
c− b
a
g2(t)

1−
(
α(t)
α(tΛ)
)1−c/b
−1
≡ y2Λ(t),
λ(t)
y4(t)
=
2a
2c− b
1
g2(t)

1−
(
α(t)
α(tΛ)
)1−2c/b ≡ λΛ(t)
y4Λ(t)
, (20)
where t < tΛ. Hence, the system (1) with cuttoff Λ is equivalent to the system
(19) with the same cutoff when the running coupling constants are given by
(20). In this sense the gauged NJL model may be called a renormalizable one.
In addition, as it has been shown in [10], one should have also a compositeness
condition for the mass, whose most convenient form will be (for b→ +0; [10]):
m2(t) =
2a
(4pi)2
(
Λ2
µ2
)w
y2Λ(t) µ
2
[
1
g4(Λ)
−
1
w
]
, (21)
where G ≡ ((4pi)2/a)g4(Λ)/Λ
2, g4(Λ) is a dimensionless constant, and w ≡
1 − α/(2αC), α ≡ α0 and where y
2
Λ(t) is given by the first of Eqs. (20) at
b→ +0.
The above compositeness conditions define the gauged NJL model as the
gauge Higgs–Yukawa model in flat spacetime. Now, since we are working
in curved spacetime (in linear curvature approximation), one has to add the
compositeness condition for ξ(tΛ). Making the calculations in the same way
as in [9] one obtains
ξ(tΛ) =
1
6
. (22)
Obviously, the compositeness condition for ξ(t) is again the same one as
in the non–gauged NJL model [9]. Hence, the conformal invariance due to
the renormalization group [19] takes place again. Analysing the RG equation
(13) for ξ(t) we will find that in all cases (i.e. for the general situation, where
y(t) is given by (20), for the case with b → 0 and with the corresponding
y(t), and also for the case α0 → 0, i.e. the non-gauged NJL model) we have
ξ(t) =
1
6
. (23)
In particular, for b → 0 in the limit Λ → 0 the fixed point of Ref. [14] in
curved spacetime is given by
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y2
∗
=
(4pi)2α
2aαC
,
λ∗
y4
∗
=
2a
(4pi)2
αC
α
, ξ∗ =
1
6
. (24)
Now, one can study the possibility of chiral symmetry breaking in the
model under discussion using the effective potential language, or more pre-
cisely, the RG–improved effective potential (see [24],[25] and references therein).
Because the technique to study the RG–improved effective potential is widely
known for the flat space [24],[25] as well as for curved spacetime [20] we will
not give any details of its derivation.
Using the fact that the effective potential satisfies the RG equation, one
can explicitly solve this equation by the method of characteristics, and we
find (for more details, see [24],[25] and [20]):
V (g, y, λ,m2, ξ, σ, µ) = V (g(t), y(t), λ(t), m2(t), ξ(t), σ(t), µet) , (25)
where the effective coupling constants g(t), ..., σ(t) are defined by the RG
equations (5), (13) (at the scale µet) and corresponding RG equations for
m2(t), σ(t) written in [10] for the case of the above gauge–Higgs–Yukawa
model (t is left unspecified for the moment). As boundary condition it is
convenient to use the one–loop effective potential (18).
In the case of the gauged NJL model one has to substitute into the effec-
tive potential (18) the effective couplings fulfilling compositeness conditions
in accordance with Eqs. (25). In this way, one obtains the RG improved
effective potential in the gauged NJL model. In flat spacetime such calcu-
lation has been already done in Ref. [10] for the case of fixed gauge cou-
pling (b → +0), so we may use for the running coupling constants (except
scalar-gravitational coupling constant) the results which are known from flat
spacetime calculations.
Taking into account that the condition
µet = µF (t) (26)
serves actually for finding t, we get for the case of fixed gauge coupling
et =
(
µF (µ)
µ
)1/(2−w)
(27)
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where µF (µ) = µF (t = 0). Using (20), (23) and (27) in the case b → 0 one
gets (for the case of flat space see expression (6.13) of [10]):
(4pi)2
2a
V
µ4
=
1
2
y2Λ(µ)
(
Λ2
µ2
)w (
1
g4(Λ)
−
1
g∗4
)
σ2(µ)
µ2
+
αC
4α

(yΛ(µ)σ(µ)
µ
) 4
2−w
−
(
µ2
Λ2
) α
αC
(
yΛ(µ)σ(µ)
µ
)4
+
3
8
(
yΛ(µ)σ(µ)
µ
) 4
2−w
+
R
24µ2
(
yΛ(µ)σ(µ)
µ
) 2
2−w
(
1 +
2αC
α
)
−
RαC
12αµ2
(
µ
Λ
) α
αC y2Λ(µ)σ
2(µ)
µ2
, (28)
where g∗4 ≡ w. Thus, we have got the RG–improved effective potential for
the gauged NJL model (with finite cutoff) in curved spacetime.
Taking the limit Λ →∞ we will get the renormalized effective potential
of the gauged NJL model in curved spacetime:
(4pi)2
2a
V
µ4
=
1
2
(
1
g4R(µ)
−
1
g∗4R
)
y2
∗
σ2(µ)
µ2
+
+
αC
4α
(
1 +
3α
2αC
)(
y∗ σ(µ)
µ
) 4
2−w
+
R
24µ2
(
1 +
2αC
α
)(
y∗ σ(µ)
µ
) 2
2−w
(29)
where y∗ is given by (24) and the four–fermion coupling renormalization
has been done; in particular g∗4R is a finite constant (for discussion of that
renormalization see [10], [7]).
Note that in flat space (R = 0) the potential (29) in the same approach
has been obtained in Ref. [7] (for non-renormalized potential see also [26])
using the ladder SD equation. Hence, the RG–improved effective potential
may serve as a very useful tool to study the non–perturbative effects on
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equal footing with the SD equation. It is really surprising that RG improved
effective potential gives the same results as ladder SD equation.
Using the finite effective potential (29) we are able to discuss the chiral
symmetry breaking in the gauged NJL model under consideration. In flat
spacetime, the possibility of chiral symmetry breaking is defined by the sign
of the first term in (29). That gives the value of the ciritical four-fermion
coupling constant g∗4(Λ) = w. In curved spacetime the situation is more
complicated as one has additional terms in the effective potential (29), even
in the linear curvature approximation.
Taking into account that
w = 1−
3C2(R)
2(2pi)2
g2 ≃ 1−
3
4pi
Ncg
2
4pi
≃ 1,
αC
α
≃
2pi
3
4pi
Ncg2
>> 1, (30)
and introducing x = y∗ σ(µ)/µ, one can rewrite the quadratic part of the
potential (29) as follows:
(4pi)2
2a
V (2)
µ4
≃
{
1
2
(
1
g4R(µ)
−
1
g∗4R
)
+
R
12µ2
αC
α
}
x2 . (31)
Relation (31) determines the way to estimate the chiral symmetry breaking
for the gauged NJL model in curved spacetime.
In particular, in flat spacetime and for (cutoff) dependent effective po-
tential we observe that the chiral symmetry is broken for
1
g4(Λ)
−
1
g∗4
< 0 or
1
g4R(µ)
−
1
g∗4R
< 0 . (32)
Hence, the critical value of the four-fermion coupling constant which divides
the chiral symmetric and non-symmetric phase is g∗4 = w.
In curved spacetime, chiral symmetry is always broken if
(
1
g4R(µ)
−
1
g∗4R
)
+
αC
6α
R
µ2
< 0 . (33)
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When this condition (33) is valid one can easily find the curvature–induced
dynamical fermion mass.
For the cutoff–dependent effective potential the corresponding condition
looks as:
(
Λ2
µ2
)w (
1
g4(Λ)
−
1
g∗4
)
+
R
6µ2
αC
α
[
1−
(
µ
Λ
) α
αC
]
< 0 . (34)
Thus, we got the condition for chiral symmetry breaking in terms of
the dimensionless curvature R˜ ≡ R/µ2. From (33) we see that the critical
coupling constant depends on the curvature. For negative curvature the
critical coupling is higher and one has a greater chance to find the system
in the phase with broken chiral symmetry. As examples of spaces being
in correspondence with (34) on can consider the inflationary universe S4
with small curvature or some universe with small constant curvature and a
topology of the form Ri × H4−i,Ri × S4−i, or Si × H4−i, (i = 1,2,3) (see [27]
for explicit examples of quantum field calculations on such backgrounds).
Note that the critical value of the curvature at which symmetry breaking
is absent is defined according to (33) by
RC
µ2
=
6α
αCg∗4R
. (35)
At all positive curvatures below Rc as well as at small negative curvatures
the chiral symmetry is broken.
It is quite remarkable that such a simple quantum conditon of chiral
symmetry breaking (33), (34) in gauged NJL model in curved spacetime is
obtained explicitly. Up to now such a simple symmetry breaking tree–level
condition in curved spacetime has been known only for the Higgs sector of
(11):
σ2 = −(ξR +m2)/λ (36)
where ξR+m2 < 0.
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5 Conclusion
Extending the approach of papers [3],[10] we discussed the gauged NJL model
in curved spacetime using quite standard RG language. In this way the RG–
improved effective potential for gauged NJL model in curved spacetime is
calculated. In the case of fixed gauge coupling (b → +0) the condition of
chiral symmetry breaking is found explicitly. This condition connects the
value of the four–fermion coupling constant with the curvature.
It is interesting to note that one can generalise the results of Section 4
to the case of running gauge coupling too. The only problem to be solved
is that even in flat space the effective potential cannot be written explicitly,
except in a few simple limiting cases.
To mention also another direction of consideration one can easily apply
the above RG approach to study the gauged NJL model in a given specific
spacetime like, for example, the DeSitter universe; this may be of impor-
tance for the construction of inflationary universes based on composite bound
states.
Finally, using the RG approach in the same way one can develop the
description of GUT’s in curved spacetime via gauged NJL–like models.
SDO would like to thank K. Yamawaki and A.Wipf for useful discussions.
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